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Theory of non-Fermi liquid and pairing in eletron-doped uprates
Pavel Krotkov and Andrey V. Chubukov
Condensed Matter Theory Center, Department of Physis,
University of Maryland, College Park, Maryland, 20742
Department of Physis, University of Wisonsin, 1150 University Ave, Madison, WI 53706
We apply the spin-fermion model to study the normal state and pairing instability in eletron-
doped uprates near the antiferromagneti QCP. Peuliar frequeny dependenies of the normal
state properties are shown to emerge from the self-onsistent equations on the fermioni and bosoni
self-energies, and are in agreement with experimentally observed ones. We argue that the pairing
instability is in the dx2−y2 hannel, as in hole-doped uprates, but theoretial Tc is muh lower than
in the hole-doped ase. For the same hopping integrals and the interation strength as in hole-doped
materials, we obtain Tc ∼ 10K at the end point of the antiferromagneti phase. We argue that a
strong redution of Tc in eletron-doped uprates ompared to hole-doped ones is due to ritial
role of the Fermi surfae urvature for eletron-doped materials. The dx2−y2-pairing gap ∆(k, ω) is
strongly non-monotoni along the Fermi surfae. The position of the gap maxima, however, does
not oinide with the hot spots, as the non-monotoni dx2−y2 gap persists even at doping when the
hot spots merge on the Brillouin zone diagonals.
PACS: 74.25.-q, 74.20.Mn
I. INTRODUCTION
The fasinating properties of high-temperature super-
ondutors ontinue to attrat high interest of ondensed-
matter ommunity over the last two deades. Most
of the extensive experimental and theoretial studies of
the uprates have been performed on hole-doped mate-
rials, suh as La2−xSrxCuO4, YBa2Cu3O6+x (YBCO),
Bi2Sr2CaCu2O8+x(Bi-2212), Tl2Ba2CuO6+x, et. In re-
ent years, however, there has been growing interest
in the properties of eletron-doped uprates suh as
Nd2−xCexCuO4 and Pr2−xCexCuO4
1,2
.
Hole-doped and eletron-doped uprates are in many
respets similar. For both, optial ondutivity mea-
surements at small doping show a harge-transfer gap of
about 2eV3,4, and the eletroni Fermi surfae, measured
by ARPES in eletron-doped uprates is reasonably de-
sribed the same ombination of hopping integrals as in
hole-doped uprates
1
. This implies that both eletron-
doped and hole-doped materials are likely desribed by
the same underlying Hubbard-type model
5
. The normal
state behavior of optial ondutivity near optimal dop-
ing is also very similar in hole-doped and eletron-doped
materials
6,7
. Most importantly, the superondutivity
in both types of materials has dx2−y2 symmetry, as evi-
dened by, e.g., ARPES measurements of the momentum
dependene of the pairing gap
8,9
.
On the other hand, the phase diagrams of hole-doped
and eletron-doped uprates are somewhat dierent.
Eletron-doped uprates have a muh wider range of an-
tiferromagnetism than hole-doped materials
10,11
. There
is a strong evidene that the Mott physis is not very rel-
evant in eletron-doped uprates near optimal doping as
the optial data show
4
that the 1.7eV harge-transfer gap
ompletely melts away as the eletron doping approahes
its optimal value x ∼ 0.15. There is also no analog
in eletron-doped uprates of the pseudogap phase be-
tween the antiferromagneti and superonduting phases
on the phase diagram. Some pseudogap behavior in the
normal state has been deteted in Nd1.85Ce0.15CuO4, but
the onset temperature for this behavior learly traks the
Neel temperature
12
, and so a (narrow) pseudogap phase
is likely just a magneti utuation regime of a quasi-
2D antiferromagnet
13
. In the absene of the pseudogap,
the phase diagram of eletron-doped uprates resembles
a typial quantum-ritial phase diagram
14
- the super-
onduting Tc(x) forms a dome above the antiferromag-
neti quantum-ritial point (QCP)
15
.
The superonduting properties of the two lasses of
materials also dier. First, Tc in eletron-doped uprates
is around 10 − 20K whih is almost an order of mag-
nitude smaller than in hole-doped uprates, and up to
a fator 500 smaller than the pseudogap T ∗, whih, as
a large group of researhers believe, is the onset tem-
perature of the pairing without oherene in hole-doped
uprates. Seond, the pairing gap in eletron-doped
uprates varies non-monotonially along the Fermi sur-
fae  it inreases at deviations from Brillouin zone di-
agonals, passes through a maximum, and then dereases.
The non-monotoni behavior of the d−wave gap has been
originally introdued to explain Raman data
2
. Later, the
non-monotoni gap has been diretly observed in ARPES
experiments
2,9
. In hole-doped uprates, the d−wave gap
is monotoni, within error bars
8
.
The large dierene between Tc in eletron and hole-
doped uprates (and even larger dierene with T ∗ for
the hole-doped materials) despite apparently similar hop-
ping integrals and the strength of the Hubbard intera-
tion alls for an explanation. In this paper, we argue
that the primary dierene between the pairing instabil-
ity temperature in eletron-doped and hole-doped ma-
terials is that in hole-doped uprates the pairing pre-
dominantly involves antinodal fermions, while for ele-
tron doped uprates the pairing involves fermions near
zone diagonals. We show that for the pairing of near-
diagonal fermions, the Fermi surfae urvature has a very
2strong and negative eet on Tc, and redues it by more
than two orders of magnitude. This eventually leads to
Tc ∼ 10K in eletron-doped uprates.
To solve the pairing problem, one needs to selet a
pairing mehanism. Following earlier works by one of
us and the others
16,17,18
, we assume that the pairing is
of eletron rather than phonon origin, and that a dom-
inant pairing interation between fermions is mediated
by olletive, Landau-overdamped magneti utuations.
The idea of spin-utuation pairing was earlier applied
to hole-doped uprates, with the assumption that Mott
physis does not play a substantial role in the normal
(not pseudogap) state, and beomes relevant only well
inside the pseudogap phase. For hole-doped uprates,
the Luttinger Fermi surfae is suh that the hot spots
(Fermi surfae points separated by the antiferromagneti
momentum) are loated near the orners of the Brillouin
zone. The pairing near a QCP predominantly involves
fermions from around the hot spots, and the region of
pairing instability forms a dome on top of the antiferro-
magneti QCP
18
. The instability temperature inreases
with underdoping and saturates at T ∗ ∼ 0.03g¯19, where
g¯ is the eetive interation, whih is omparable to the
harge transfer gap. Using 1.5eV for g¯ yields T ∗ ∼ 500K,
whih is onsistent with the onset temperature for the
pseudogap behavior. The relation between T ∗ and the
atual Tc is a separate issue whih we will not disuss in
this paper.
We will apply the same itinerant spin-fermion model
to study the spin-mediated pairing in eletron-doped
uprates. Like we said, the eletron-doped uprates seem
even more suitable for an itinerant desription than the
hole-doped materials as there is no non-magneti pseu-
dogap, and the harge-transfer gap melts away near opti-
mal eletron doping. We assume, following RPA studies
of the stati spin suseptibility, that antiferromagnetism
sets in at around the doping when the hot spots merge on
the Brillouin zone diagonals
17,20,21
. At this doping the
antiferromagneti Brillouin zone touhes the Fermi sur-
fae at the diagonal points kF = (π/2, π/2) (see Fig. 1),
so that 2kF oinides with the antiferromagneti wave
vetor Q. At smaller dopings, the system is magneti-
ally ordered, and the fermioni Fermi surfae displays
eletron and hole pokets.
We rst onsider normal state properties near a 2kF
antiferromagneti QCP. We reprodue and extend earlier
result of Altshuler, Ioe, and Millis
22
that at QCP, the
self-energy of a nodal fermion has a non-Fermi liquid form
and sales as Σ(ω) ∝ ωa. The exponent a is lose to unity
though itself varies with frequeny. In this situation, the
normal state behavior is lose to that in a marginal Fermi
liquid.
We next onsider the pairing of these non-Fermi liq-
uid fermions and show that at QCP, the system is still
unstable towards dx2−y2 gap opening, i.e., there is a
dome of the pairing instability around ritial doping
where antiferromagnetism sets in. The pairing instabil-
ity temperature at QCP (whih for eletron-doped sys-
tems we will label as Tc beause of the absene of the
pseudogap) still sales with g¯ but beause of the strong
de-pairing eet assoiated with the Fermi surfae ur-
vature, Tc ∼ 0.0006g¯ for the atual urvature of the
uprates Fermi surfae. This is 50 times smaller than
0.03g¯ for hole-doped uprates. The unertainty of Tc
due to the approximate nature of the estimate of the
urvature is atually very weak as Tc as a funtion of the
urvature is almost at in a wide range of the urvatures.
We also show that the pairing gap is non-monotoni
along the Fermi surfae, and passes through a maximum
at some deviation from the zone diagonal. The loation
of the gap maxima does not trak hot spots as at 2kF
QCP, the hot spots are right along the zone diagonals.
That an antiferromagnetially mediated dx2−y2 pairing
survives in a situation when the hot spots are along the
zone diagonals is not intuitively obvious, for the strongest
pairing interation involves quasipartiles for whih the
dx2−y2 superonduting gap vanishes. However, one an
easily see that the separation between the near-nodal
fermions with opposite signs of the dx2−y2 gap is on aver-
age loser toQ than that between fermions with the same
sign of the gap (see Fig. 1 b). Beause of this dierene,
there is still attration in the dx2−y2−wave hannel for
the spin-utuation mediated interation. Furthermore,
we will see that for the pairing at QCP, the kernel of
the gap equation atually does not have any extra small-
ness assoiated with the hot spots loation along the zone
diagonals, i.e., Tc is formally of order g¯. This happens
beause the gap equation relates ∆(k) near the two di-
agonal hot spots kF and kF + Q on the Fermi surfae,
where both gaps are linear in the deviation from the di-
agonal. Then the gap equation eetively beomes an
equation on the slope of ∆(k) and the latter one does
not ontain any extra smallness, as we will see.
The dx2−y2 pairing near 2kF instability has been ear-
lier onsidered within BCS theory
23
, where the authors
found that d−wave Tc remains small but nite at QCP.
Our results agree with Ref.
23
in that the d−wave attra-
tion survives at QCP, but we argue that the pairing in-
volves non-Fermi liquid fermions, and that Tc sales with
the upper boundary of the quantum-ritial regime (mod-
ulo small prefator) rather than with the upper bound-
ary of the Fermi liquid behavior. The strong redution
of Tc in eletron-doped uprates ompared to the onset
temperature for the pairing in hole-doped uprates was
also obtained in FLEX studies of magnetially-mediated
pairing
17
(although the dierene was less drasti than
in our ase). We believe that the numerial results of
Ref.
17
desribe the same physis as our analysis. Non-
monotoni variation of the d−wave gap also agrees with
reent numerial studies
24
.
A short summary of our results was presented earlier
in
25
.
The paper is organized as follows. In Setion II we
briey review the spin-fermion approah. In Setion III
we study the properties of eletron-doped materials in
the normal state. In subsetion IIIA we develop pertur-
3bation approah to fermioni and bosoni self-energies.
Self-onsistent solution of the Dyson's equations on the
fermioni and bosoni self-energies is overed in subse-
tion III B. In subsetion III C we use the obtained self-
energy to nd the frequeny dependenes of the ondu-
tivity and Raman absorption. In Setion IV we address
the pairing problem and obtain Tc and the momentum
dependene of the gap. In IVA we onsider the limit
when the parameter representing urvature of the Fermi
surfae in the gap equation formally tends to zero. In
IVB we onsider the ase of nite urvature. We present
numerial solution in IVB1, and an approximate analyt-
ial solution in IVB2, and nd that the strong variation
of TC with the urvatures an be well understood. In Se-
tion V we sum up the main onlusions. Some tehnial
details are relegated to Appendies.
II. MODEL
In this paper we apply the spin-fermion model to a
partiular form of eletron dispersion in two dimensions.
In general, low energy dynamis of strongly-interating
eletrons may be studied by integrating out the high-
energy part of eletron-eletron interation. Close to a
olletive instability, the orresponding bosoni olletive
mode tends to beome gapless, and has to be inluded
in the low-energy model. The interation with the near-
gapless olletive mode alters the fermioni dynamis and
may lead to non-Fermi-liquid behavior. The same inter-
ation also gives rise to the pairing.
A spin-fermion model has been previously applied to
hole-doped uprates, and we refer the reader to earlier
literature
18
for the details and the justiation of the
model. Here we start right with the Hamiltonian:
H =
∑
k
ǫkc
†
kαckα +
∑
q
χ−10 (q)SqS−q
+g
∑
k,q
c†k+q,ασαβckβSq, (1)
Here ck are the low-energy fermions and Sq are their ol-
letive bosoni utuations in the spin hannel. The spin-
fermion interation is desribed by the eetive oupling
g; self-onsisteny of the model requires g to be smaller,
or, at most, of the order of the bandwidth g ≤ W .
Stati spin suseptibility χ0(q) is determined by the high-
energy physis. We assume that it has Ornstein-Zernike
form near the antiferromagneti vetor Q =(π, π):
χ0(q) = χ0/(ξ
−2 + (q−Q)2) (2)
The orrelation length ξ parameterizes proximity to the
instability. At QCP whih we only study below, ξ−1 = 0.
The interation g and χ0 appear only in ombination
g¯ = g2χ0 whih is the atual (measurable) spin-fermion
interation.
While the stati spin suseptibility is an input, the low-
frequeny dynami part of the suseptibility (2) should be
+
−
−
+
Y kX
k
pi0
pi
2pi
2pi
Q=
(pi,pi
)
Figure 1: Left: Fermi surfae at the antiferromagneti QCP
with 2kF = (pi, pi). Diamond-shaped dashed lines bound the
magneti Brillouin zone. The diagonal points of the Fermi
surfae (nodal points of the dx2−y2-wave gap) now beome
hot. Right: Graphi explanation of the attration in the
dx2−y2 hannel: parts of the Fermi surfae on the same side
of the zone diagonals are on average loser to theQ separation
than the parts on the opposite sides, leading to attration in
the dx2−y2 hannel (plus and minus are the signs of the dx2−y2
gap).
determined within the model, together with the fermioni
self-energy. The reasoning is that the damping of the
bosoni utuations ours only by a deay into partile-
hole pairs with energies smaller than the bosoni fre-
queny. Beause (2) is peaked at the antiferromagneti
wave vetor Q, the interation between fermions and
bosons will predominantly involve fermions near the hot
spots (Fermi surfae points separated by Q).
The omputational tool to solve the model of Eq. (1)
at large ξ is Eliashberg-type theory in whih one solves
for fully renormalized fermioni and bosoni self-energies
while simultaneously negleting vertex orretions and
the self-energy dependene on momentum transverse to
the Fermi surfae. This omputational proedure is sim-
ilar, but not equivalent to FLEX. Eliashberg theory at
strong oupling has been disussed extensively in early
literature
18
and we will just use it in our work without
further disussion.
III. NORMAL-STATE PROPERTIES
A. Perturbation approah
The system behavior at 2kF QCP within Eliashberg
theory has been studied by Altshuler et al.
22
. They used
RG proedure to sum up the most divergent diagrams
and obtained fermioni and bosoni self-energies at the
lowest frequenies in the normal state. We obtained very
similar results using a somewhat dierent omputational
proedure (see below). We also obtained fermioni self-
energy at intermediate frequenies whih are mostly rel-
evant for the pairing problem.
A set of self-onsistent Dyson's equations for the
fermioni and bosoni self-energies in the normal state
4is
χ−1(q, ω) = χ0(q)
−1 +Π(q, ω), (3)
G−1(k, ω) = G0(k, ω)
−1 + iΣ(k, ω). (4)
The Green's funtion of noninterating fermions is
G−10 (k, ω) = iω − ǫk, (5)
and ǫk is the eletron dispersion. Bosoni self-energy
(polarization operator) ontains ontributions from non-
umklapp and umklapp sattering between hot spots sep-
arated byQ. Hereafter we denote by q the deviation of q
from the antiferromagneti wave vetor Q unless other-
wise noted. In these units, the total polarization operator
is 2(Π(q,Ω) + Π(−q,Ω)), where
Π(q,Ω) = 2g2
∫
dωd2k
(2π)3
G(k, ω)G(k + q, ω +Ω). (6)
Then
χ(q,Ω) =
χ0
q2 + 2χ0 (Π(q,Ω) + Π(−q,Ω)) . (7)
The peuliarity of a spin-fermion theory near a 2kF in-
stability is that the Fermi veloities at the hot spots are
antiparallel, and to keep Π(q,Ω) nite, one has to ex-
pand the spetrum of the fermions in the viinity of these
points up to the seond order in the momentum ompo-
nent along the Fermi surfae:
ǫk ≈ vFkx + β2k2y , (8)
ǫk+Q ≈ −vFkx + β2k2y. (9)
Here the momentum omponents kx, ky are normal and
tangential to the Fermi line respetively, and k is mea-
sured from the hot spot (see Fig. 1); β parameterizes the
urvature of the Fermi line, κ = 2β2/vF . The radius of
urvature used in
22
is kκ = 1/κ. The speial ase of a
nested Fermi surfae has been analyzed in
26
A. Virosztek
and J. Ruvalds, Phys. Rev. B 42, 4064 (1990).
For noninterating fermions with the Green's funtion
(5), Eq. (6) yields
Π0(q,Ω) =
g2
2πvFβ
√√
Ω2 + E2q + Eq, (10)
where
Eq = −vF qx + β2q2y/2. (11)
Already this zeroth-order expression (10) diers in two
important ways from previously studied ase
18
when the
two hot spots separated by Q had nearly orthogonal ve-
loities. First, at q = Q Π(Ω) sales as
√
Ω instead of the
onventional |Ω|, and, moreover, diverges when β → 0 ,
so urvature of the Fermi line annot be negleted. Later
we will see that β 6= 0 is even more important for the
pairing. It is interesting to trae how (10) onverts into
a onventional Landau damping when the hot spots are
moving away from the zone diagonals. This is done in
Appendix A.
Seond, a onventional Landau damping |Ω| term rep-
resents an anomaly in analytial properties of bosoni
self-energy. External frequeny Ω appears as a fator
beause it regularizes the integral over internal frequen-
ies by separating the poles into opposite semi-planes.
At the same time, the polarization operator (10) gives
a frational power of external frequeny not as a result
of anomaly, but simply beause Ω sets an eetive ut-
o for the ultraviolet-divergent integral over internal ω.
This distintion beomes relevant at a nite T : while
Landau damping is a purely quantum phenomenon, and
so does not depend on temperature, the self-energy (10)
possesses ω/T -saling. Evaluating the polarization oper-
ator for free fermions but at a nite T , we obtain
Π˜0(q,Ω) =
g2
2πvFβ
∫ ∞
−∞
√√
4ω2 +Ω2 + 2ω
4T cosh2
ω−Eq/2
2T
dω (12)
=
√
Tf(Ω/T,Eq/T ), (13)
where
f(a, b) =
g2
2πvFβ
∫ ∞
−∞
√√
4x2 + a2 + 2x
4 cosh2((x− b)/2)dx. (14)
At q = 0, Ω = 0, the polarization operator is simply:
Π˜0 =
g2
√
πT
2πvFβ
|ζ(12 )|(
√
2− 1) = const√T , (15)
where ζ(12 ) ≈ −1.46 is the Riemann Zeta funtion27.
When T → 0, the funtion 1/4T cosh2(x/2T ) in the de-
nominator of (12) beomes a δ(x)-funtion, and (12) on-
verts to (10).
The eletron self-energy is given by
Σ(k, ω) = 3ig2
∫
dω′d2k′
(2π)3
χ(k− k′, ω − ω′)G(k′, ω′),
(16)
The oeient 3 = σσ in (16) omes from the three om-
ponents of the bosoni spin utuations. In Eliashberg
theory, the self-energy depends on frequeny and on the
momentum omponent along the Fermi surfae. We pa-
rameterize the position of the quasipartile on the Fermi
surfae by the momentum omponent ky (see Fig. 1), i.e.,
label Σ(k, ω) as Σ(ky, ω) along the Fermi surfae. This
does not imply that kx is zero as kx and ky are related:
from ǫk = 0, kx = −β2k2y/vF along the Fermi surfae.
Sine fermions are fast ompared to bosons, the integral
over momenta in (16) an be fatorized: the one perpen-
diular to the Fermi surfae involves only fast eletrons,
and the one along the Fermi surfae (ǫk′ = 0) involves
slow bosons. The orretions from keeping the momen-
tum transverse to the Fermi surfae in the bosoni prop-
agator is of the same smallness as the vertex orretion
(in this, Eliashberg theory diers from FLEX where the
momentum integration is not fatorized)
5Substituting
G(k, ω)−1 = i(ω +Σ(k, ω))− ǫk (17)
into (16) and integrating over momenta transverse to the
Fermi surfae, we obtain for the self-energy
Σ(ky, ω) =
∫ ω
−ω
dΩ
2π
∫
dk′yχ˜(k, k
′
y,Ω), (18)
The redued bosoni propagator
χ˜(ky , k
′
y,Ω) =
3g2
4πvF
χ(k′ − k,Ω)|ǫk=ǫk′=0 (19)
is taken between the two points k and k′ on opposite
sheets of the Fermi surfae.
The redued propagator depends on the urvature in
two ways. First, the polarization operator Π depends
on urvature via the overall fator and the Eq term in
Eq. (11). Seond, there is a diret β dependene in the
stati part of the suseptibility, as (kx − k′x)2 term in
χ redues to β4(k2y + k
′
y
2)2/v2F one we use the Fermi
surfae relations kx = −β2k2y/vF and k′x = β2k′y2/vF .
For the self-energy exatly at the hot spot (π/2, π/2),
the rst dependene is muh more relevant than the se-
ond one. Indeed, setting the external momentum k = 0
and taking k′ to be at the Fermi surfae we nd that Eq
and E−q terms with q = k
′
redue to Ek′ = −β2k′y2/2,
and E−k′ = 3β
2k′y
2/2, i.e., E±k′ sales with the urva-
ture. The polarization operators Π(q,Ω) and Π(−q,Ω)
given by (10) depend on the ratio Ω/E±k′ , and there-
fore the dependene of E±k′ on the urvature is relevant.
On the other hand, the β4k′y
4/v2F term in χ
−1
0 is learly
subleading to k′y
2
at small ky.
Keeping the dependene on the urvature only in the
polarization operator we obtain that away from the QCP,
when ξ−1 6= 0, Σ(ky = 0, ω) = Σ(ω) has a usual
Fermi liquid expansion in powers of ω. At the QCP
the Fermi liquid behavior breaks down, and Σ aquires
non-Fermi-liquid frequeny dependene. To nd it, we
assume and then verify that typial k′y in the integral
for the self-energy are muh larger than typial Ω, and
expand the denominator in (7) in frequeny. Using
Eq = −β2k′y2/2 and E−q = 3β2k′y2/2 valid when k′ is
at the Fermi surfae, we nd that the expansion holds in
k′y
2 +
√
3q0|k′y|+ |Ω|q30/4ω0|k′y|, where
q0 = g¯/πvF , (20)
ω0 = (g¯β/2πvF )
2. (21)
The extra stati term
√
3q0|k′y| oming from Π just re-
ets the fat that one k′ is nonzero, the atual distane
between the diagonal Fermi surfae point and a Fermi
surfae point on the opposite sheet of the Fermi surfae
is not exatly (π, π), so the suseptibility aquires an ad-
ditional mass term. Note also that the leading term
in the frequeny expansion has a onventional |Ω|/|k′y|
term, typial for small momentum sattering.
Substituting this expansion into χ˜(q = k′y ,Ω) and in-
tegrating over k′y in (18), we obtain that the momentum
integral is logarithmi and is ut from below by frequeny
Ω (this justies the assumption that typial momenta are
larger than Ω). Integrating nally over frequeny, we ob-
tain
Σ(ω) = −
√
3
4π
ω log
|ω|
ω0
. (22)
This marginal Fermi liquid, ω logω, behavior of the self-
energy at small frequenies was rst deteted in
22
. A
simple analysis shows that it extends to frequenies of
order ω0. At larger frequenies ω > ω0, typial k
′
y in the
integral for the self-energy are of order q0(Ω/ω0)
1/4
. At
these momenta, E±q ∼ (Ωω0)1/2 < Ω, so the polarization
operator an well be approximated by its zero momentum
form Π(0,Ω) ∝
√
Ω. Substituting this form into (18), we
nd
Σ(ω) = ω
1/4
0 |ω|3/4 sgnω. (23)
At nite ky , the form of the self-energy Σ(ky, ω) is
rather involved. Below we will only need self-energy at
ω > ω0 sine in eletron-doped uprates ω0 ∼ 10meV is
small (see below). Parametrially, the leading depen-
dene omes from the polarization operator, via vF qx
term in Eq, whih for the partiles at the Fermi surfae
redues to β2(k2y+k
′
y
2) ∼ β2k2y as (ky−k′y)2 is small and
irrelevant. Substituting this into Π(q,Ω) and evaluating
the self-energy, we obtain
Σ(ky , ω) = ω
1/4
0 |ω|3/4 sgnω
1(
1 + a
(
β2k2
y
ω
)2)1/8 . (24)
where a = O(1). This formula shows that the self-
energy begins dereasing at deviations from the nodal
diretion k2y ∼ Ω/β2. At the same time, the momentum
dependene in (24) is very weak from pratial point of
view. The ky
4
term in the stati part of χ˜−1 leads to a
stronger 1/(1 + (ky/k0)
4)1/2 dependene, but this hap-
pens at larger ky as k0 ∝ ω1/8. We assumed that the
self-energy saling behavior is roughly in between the two
analytial dependenes  the self-energy Σ(ky , ω) rather
weakly depends on ky up to some ky whih approximately
sales as ω1/4, and smoothly dereases at larger ky.
Finally, for the alulations of Tc in Setion IV, we
will need the self-energy at a nite T . We evaluated it
numerially by replaing integration over frequeny by
summation over disrete Matsubara frequenies.
Σ(ky, ωm) = sgnωmT
∑
|Ωn|<ωm
∫
dk′yχ˜(ky, k
′
y,Ωn), (25)
where χ˜ is the same as in (19). Numerially we found
that the expliit temperature dependene of Σ(ky , ωm) is
again weak at ω > ω0, so the self-energy at nite temper-
ature has to a good auray the same funtional form
as at T = 0, but in disrete Matsubara frequenies.
6B. Self-onsistent self-energies
The marginal Fermi liquid form of the self-energy at
ω < ω0 and the ω
3/4
dependene at ω > ω0 were ob-
tained using the bare fermioni propagators. We need
to verify whether the results survive when alulations
of the fermioni and bosoni self-energies are performed
self-onsistently, using the full propagators.
Landau damping linear-in-Ω term in the polarization
operator is an anomaly, and it does not depend on
whether the polarization bubble is evaluated with bare
or full fermioni propagators, as long as the self-energy
depends only on frequeny. However, as we already
disussed, the Ω1/2 term in Π is not an anomaly, and
the form of Π(q = 0,Ω) does generally depend on the
fermioni self-energy, whih in turn depends on the fun-
tional form of Π. This implies that lowest-order results
are not suient, and one has to arry out full self-
onsistent alulations. This was rst notied in
22
.
Fortunately, these alulations are not neessary at
ω > ω0 as at these frequenies the self-energy Σ ∝
ω(ω0/ω)
1/4
is smaller than ω, and the renormalized
fermioni Green's funtion is lose to the bare one. In
this situation, the expression Π(q,Ω) ∝ Ω1/2 that was
obtained using free fermions is a good approximation for
interating fermions as well, and no orretions are ne-
essary. Next, using the fat that the self-energy Σ(ω) is
expressed via the fermioni density of states, and the lat-
ter does not depend on the fermioni self-energy (again
as long as Σ depends only on ω), we nd that Eq. (23)
survives. Vertex orretions and other orretions be-
yond Eliashberg theory an be treated in the same way
as for other quantum-ritial problems
18,28,29
, and are
irrelevant.
On the other hand, the marginal Fermi liquid form
of the self-energy at frequenies smaller than ω0, Eq.
(22), does not survive in the higher-order orretions.
In uprates ω0 is small, and so this is not very rele-
vant to our study, but it is interesting to address it
from the priniple point of view and we briey disuss
it. Altshuler et al
22
found that next order term yields
Σ2(ω) ∝ ω log2 ω and onjetured that higher-order log-
arithmi orretions form geometri series that exponen-
tiates to a power law
Σ(ω) = ωα0 |ω|1−α sgnω. (26)
They found α =
√
3/4π ≈ 0.14. We obtained a nearly
idential result using a dierent omputational proe-
dure with does not require that the series is geomet-
ri. Namely, we obtained a self-onsistent solution for
the self-energy (16) by evaluating the polarization opera-
tor Π (6) with the full Green;s funtion (17). We assumed
that Σ(ω) ∝ |ω|1−α, where α is unknown, re-evaluated
the polarization bubble with the full fermioni G [this
gives Π(q, 0) ∝ E(2−α)/2αq , Π(0,Ω) ∝ Ω(2−α)/2℄, substi-
tuted the result into the integral for Σ(ω), and solved the
self-onsistent equation on α. The alulations, whih are
detailed in Appendix B, yield α ≈ 0.15 whih is surpris-
ingly lose (although not idential) to α = 0.14 obtained
by Altshuler et al
22
.
C. Condutivity and Raman Response
We now use the result for the self-energy to ompute
optial ondutivity and Raman response in the normal
state. Complex ondutivity σ(ω) an be omputed from
the Kubo formula:
σαβ(iωn) =
1
ωn
[
Π
(j)
αβ(iωn)−Π(j)αβ(i0)
]
, (27)
where Π
(j)
αβ is the urrent-urrent orrelator with zero
transmitted momentum. Dependene on real ω is
found by the transformation iωn → ω + i0 from
Matsubara frequenies ωn. Assuming onstant velo-
ities vF , the urrent-urrent orrelator Π
(j)
αβ(iωn) =
e2v2F δαβΠ(iωn)/2g
2
is proportional to the Matsubara
bubble Π(iωn) with zero transmitted momentum. Ne-
gleting orretions to the urrent verties (whih is jus-
tied when Σ predominantly depends on ω), we obtain
σ(iω) ∝ 1
ωm
∫
dky
∫ ωm
0
dǫ
ωm +Σ(ky, ωm − ǫ) + Σ(ky, ǫ) .
(28)
At zero temperature and nite frequenies whih we on-
sider, the short-iruiting of the ondutivity onsidered
in
30
is not important, and the ondutivity an be ap-
proximated by expanding the denominator in (28) in
the self-energy, integrating the self-energy over ky, and
putting the result bak into the denominator. The largest
ontribution to ondutivity then omes from the nodal
regions where the self-energy has a non-Fermi liquid form.
To integrate the self-energy expliitly over ky requires
substantial omputational eorts as there are two distint
soures for ky dependene in Σ (see previous subsetion).
We arry out approximate alulations  we assume that
Σ(ky, ǫ) is independent on ky and equal to Σ(ky = 0, ǫ) =
Σ(ǫ) for |ky | < ky,max and then falls o rapidly, suh that:
σ(iω) ∝ ky,max(ωm)
ωm
∫ ωm
0
dǫ
ωm +Σ(ωm − ǫ) + Σ(ǫ) .
(29)
Following the disussion in preeeding subsetion, we
assume that for ωm > ω0, the threshold momentum
ky,max(ωm) ∼ ω1/4m . We also assume by ontinuity that
for ω < ω0, ky,max(ωm) ∼ ωαm. Sine ky,max depends
on frequeny, there is an ambiguity whether we should
hoose the external ω or internal ǫ for the uto. One
also should be areful when transforming from Matsub-
ara frequenies to the real ones. We omment on this
matter in more detail in Appendix C. The onlusion
is basially that this ambiguity is irrelevant for the fre-
queny dependene of ondutivity.
At very small frequenies, ω < ω0, the self-energy dom-
inates fermioni dynamis Σ(ω) > ω, and both ℑσ and
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Figure 2: Normal state ondutivity as a funtion of frequeny
shows a saling behavior for ω0 < ω < 40ω0. Left: |σ(ω)|, the
behavior is indistinguishable from the σ(ω) ∼ ω−0.64 depen-
dene. Right: arctanℑσ(ω)/ℜσ(ω), an almost onstant value
means that both ℑσ(ω) and ℜσ(ω) sale as ω−0.64.
ℜσ have the same power-law behavior: σ(ω) ∝ ω−1+2α ∼
ω−0.7. At larger frequenies Σ(ω) < ω, and one should
not generally expet ℜσ and ℑσ to sale with eah other.
Surprisingly, the saling behavior extends, with almost
the same exponent  we found that σ(ω) ∝ ω−0.64 over
a very wide range up to ∼ 40ω0 (see Fig. 2). Suh
power-law behavior is not indiative of quantum-ritial
saling, but rather a onsequene of the attening of
the fermioni self-energy at high frequenies
31
, i.e. that
Σ(ω)/ω ∝ (ω0/ω)1/4 is a slow deaying funtion. The
ω−γ behavior of ondutivity with γ ≈ 0.68 has been
observed in Pr1.85Ce0.15CuO4 below 400meV
7
. Both
the exponent and the experimental frequeny range are
quite onsistent with our results. A very similar behav-
ior of the infrared ondutivity at intermediate energies,
also aused by the attening of Σ, has been disussed for
hole-doped uprates
31
.
Raman absorption measures the imaginary part of
the fully renormalized partile-hole suseptibility at van-
ishingly small inoming momentum, weighted with Ra-
man form fators that depend on the sattering geom-
etry. In the B1g geometry the Raman form fators are
γB1g (k) ∝ (cos kx − cos ky). They are the largest for
fermioni momenta near (0, π) and symmetry related
points. In the B2g geometry, the Raman form fators
are γB2g (k) ∝ sinkx sin ky, and the Raman signal omes
from around (π/2, π/2) points whih are lose to the diag-
onal hot spots on the Fermi surfae. For eletron-doped
uprates these are the regions where we found non-Fermi
liquid behavior of the fermioni self-energy.
Unlike the urrent vertex for ondutivity, the Raman
vertex is renormalized by the interation even when Σ(ω)
depends only on frequeny. The renormalization of the
B1g Raman vertex is not that relevant beause the in-
teration peaked at or near Q = (π, π) onnets regions
of the Brillouin zone where the bare vertex hanges sign.
The ladder series pertaining to vertex renormalization
is then alternate in sign and roughly renormalizes γB1g
to γB1g/(1 + AγB1g ), where A is positive. On the other
hand, the B2g Raman vertex γB2g (k) does not hange
sign under k→ k+Q. To a good approximation, we an
approximate this vertex by a onstant γB2g . The renor-
malization of the Raman vertex then oinides with that
of the density vertex, and like a density vertex, is then
related to the self-energy by the Ward identity: the full
γfullB2g (ω) = γB2g (1+∂ωΣ(ω)). The vertex then leads to the
additional frequeny dependene γB2g (ω) ∼ ∂ωΣ(ω) suh
that γB2g (ω) ∝ ω−α for ω < ω0 and ω−1/4 for ω > ω0.
Convoluting two Raman verties with the polarization
bubble we obtain, approximately
RB2g (ω) ∼ ky,max(ω) (1 + ∂ωΣ(ω))2
ω
ω +Σ(ω)
(30)
Substituting the forms of the self-energy and ky,max(ω) ∼
ωα for ω < ω0, ky,max(ω) ∼ ω1/4 for ω > ω0, we nd that
at T = 0, RB2g (ω) is at: it is a onstant at ω < ω0, and
slowly rosses over to the (ω/ω0)
−1/4
behavior at ω > ω0.
The almost at form of the Raman intensity at fre-
quenies ω > ω0 is onsistent with the experimental
data
32
. The experimental behavior at small frequenies
is not at, but aording to
32
it is dominated by temper-
ature eets whih we do not onsider here.
IV. PAIRING PROBLEM
The linearized gap equation at QCP is obtained using
Eliashberg tehnique for olletive-mode mediated pair-
ing. Assuming that the pairing ours in the singlet han-
nel, we write the pairing vertex as Φαβ(p) = iσ
y
αβΦ(p)
and obtain (see Fig. 3)
Φ(k) = −3g2
∑
k′
Φ(k′)G(k′)G(−k′)χ(k − k′) (31)
where k stands for a 3-omponent vetor (k, ω),∑
p = T
∑
ω
∫
d2k/(2π)2, the Green's funtions are full:
G−1(k) = G−10 +Σ(k), and the prefator −3 omes from
the onvolutions of the Pauli matries σyα′β′σαα′σββ′ =
−3σyαβ. The pairing vertex Φ(k) is related to pairing gap
∆(k) as Φ(k, ω) = ∆(k, ω)ω/(ω+Σ(k, ω)). The solution
of this linearized gap equation yields both Tc and the mo-
mentum and frequeny dependene of Φ(k, ω). At least
lose to Tc, this momentum dependene must be lose to
that of the true pairing gap.
As in the normal state analysis, we use the fat
that bosons are slower than fermions and approximate
χ(k − k′) by Fermi surfae to Fermi surfae interation,
i.e, put both k and k′ on the Fermi surfae. Like be-
fore, we also assume that the fermioni self-energy does
not depend on the momentum omponent transverse to
the Fermi surfae. We will, however, keep the momen-
tum dependene of Σ along the Fermi surfae. We will
see below that Tc very strongly and non-analytially de-
pends on the Fermi surfae urvature κ = 2β2/vF . This
8strong non-analyti dependene omes from the depen-
dene on urvature of the Fermi surfae to Fermi surfae
interation χ(k − k′) (see below). Aordingly, we will
keep the dependene on the urvature in χ(k − k′) and
in the fermioni self-energy (beause Σ is an integral of
χ(k−k′)), but neglet it in the Jaobian for the transfor-
mation from the integration over d2k to the integration
over dǫk, i.e., set dkxdky = (1/vF )dǫkdky (the notations
are the same as in Fig. 1). Under these assumptions, the
momentum integration transverse to the Fermi surfae
involves the produt of two fermioni propagators and
redues to ∫
G(p)G(−p)dǫk = π|ω +Σ(ky, ω)| (32)
Substituting this into (31) and using the fat that the
interation involves momentum transfers near Q, we ob-
tain
Φ0(ky , ωn) = −T
∑
ωm
∫
dk′yKnm(ky, k
′
y)ΦQ(k
′
y, ωm),
(33)
where the kernel
Knm(k, k
′) =
χ˜(k, k′, ωn − ωm)
|ωm +Σ(k′, ωm)| . (34)
The redued χ˜ is dened in (19), ky and k
′
y are small, and
the notations Φ0 and ΦQ imply that the pairing verties
on the right and left hand sides of (33) belong to the
opposite hot spots.
Beause the kernel (34) is invariant under the sign in-
versions of frequeny and momenta, the solutions are
symmetri or antisymmetri in both. A solution with
dx2−y2 symmetry is antisymmetri in ky. It is also sym-
metri in frequeny as at Tc the largest eigenvalue of
the kernel reahes unity, and from a known theorem
the eigenfuntion of the largest eigenvalue is symmet-
ri in ω33. As a further simpliation, we onsider a
antiferromagneti dx2−y2 order parameter made out of
n = 1, n = 3, et. partial omponents of the B1g
representation of the D4h group for tetragonal symme-
try (i.e., cos kx − cos ky, cos 3kx − cos 3ky, . . . ). For
the odd n solutions, the pairing vertex (and the gap)
hange sign when the momentum is shifted by Q, i.e.,
Φ0(ky , ωn) = −ΦQ(ky , ωn). Note that a onventional
cos kx − cos ky solution falls into this ategory. Using
this ondition and dropping the subsript we get from
(33):
Φ(ky, ωn) = T
∑
ωm
∫
dk′yKnm(ky , k
′
y)Φ(k
′
y, ωm). (35)
The remaining input is the polarization operator whih
is a part of χ˜. We veried a posteriori that the dominant
ontribution to the pairing omes from ω > ω0, where
Π(q,Ω) sales as Ω1/2 and weakly depends on q. In prin-
iple, one should use the full, nite T form of of the polar-
ization bubble. However, the expliit temperature depen-
dene of Π only ompliates the alulations but does not
pαpα
pβpβ
pα
pβ
= +
β’p’
α’p’
Figure 3: Diagrammati equation on the anomalous vertex
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Figure 4: Pairing instability temperature Tc in units of
the oupling onstant g vs. the urvature parameter r =
g¯β2/piv2F . Solid line gives the result of the numeri solu-
tion, whih requires inreasingly long omputational time
as r → 0. Dashed line is the analyti small-r form Tc =
0.95g¯r/(1 + 5r2/5)4.
lead to any new physis. We assume without further dis-
ussion that the T dependene of the polarization bubble
does not alter Tc in any substantial way and will use the
same funtional form Π(Ωm) = (g
2/2πvFβ)
√
|Ωm| as at
T = 0, but use disrete Matsubara frequenies at a nite
T . For auray, in numerial alulations we kept the
full T dependene of the fermioni self-energy. We found,
however, that the full form of Σ(ky , ωm, T ) diers very
little from the zero-temperature form Σ(ky, ωm) taken at
disrete Matsubara frequenies
We stik to N = 2 in this setion. It is onvenient to
measure frequeny and temperature in units of ω0 (21) as
the fermioni self-energy at ky = 0 is (23), and measure
momenta ky in units of q0 (20). Swithing to these new
units, we reprodue Eqs. (33) and (19) with
χ˜(k, k′,Ω) =
3
2N
1
(k − k′)2 + r2(k2 + k′2)2 +
√
|Ω| .
(36)
The dimensionless quantity
r = g¯β2/πv2F =
(
g¯
2πvF pF
)
κpF (37)
is proportional to both the urvature and the interation.
Both k2 and k4 terms in χ˜(k, k′,Ω) ome from the original
(k − k′)2 term in χ(k − k′) when we use that for the
9two fermions on the opposite sheets of the Fermi surfae
kx = β
2k2y/vF and k
′
x = −β2k′y2/vF . The normalization
sale ω0 also sales with r:
ω0 ≡ g
4π
r (38)
and hene the urvature is present both in the over-
all fator, and in the pairing suseptibility (and in the
fermioni self-energy at a non-zero ky, by virtue of the
r−dependene of the suseptibility).
The presene of the urvature both in the overall nor-
malization fator for T and in the pairing suseptibil-
ity is what qualitatively distinguishes the d−wave pair-
ing of near-nodal fermions from the pairing of antinodal
fermions, whih was previously studied in the ontext of
pairing in hole-doped uprates. In the latter ase, the
pairing instability temperature is nite already at zero
urvature, and the eet of the urvature on Tc is likely
small (although this issue has not been analyzed in de-
tail yet). In the present ase, Tc just vanishes without
urvature, so the urvature, parameterized by r, plays
the major role. The same r also speies momentum
dependene of Φ(ky , ωn), and, hene, of the pairing gap.
Below we will solve the gap equation separately for the
ases r → 0, when only the r−dependene of the overall
fator matters, and for nite r, when the rk4 term in the
pairing suseptibility has to be taken into onsideration.
We will see that the r−dependene in the denominator
of (36) beomes relevant already at very small r, and for
r ∼ 0.1, relevant to the uprates (see below), the atual
Tc is muh smaller than the one obtained by keeping the
urvature only in the overall fator.
A. Solution at r → 0 (vanishing urvature)
When we put r = 0 in the suseptibility (36), the gap
equation (35) simplies onsiderably. First, the fermioni
self-energy loses its dependene on ky and beomes
Σ(ky, ωm) = Σ(ωm) = sgnωm
3
4
πT
∑
|Ωn|<|ωm|
|Ωn|−1/4.
(39)
We used the full summation in the numerial alulations
below, but this is atually not even neessary  we found
that for T = Tc, the funtional form of the self-energy is
lose to the zero-temperature expression sgnωm|ωm|3/4
for all Matsubara frequenies.
Seond, without the r term in χ˜, momentum de-
pendene of the kernel (34) is of a onvolution type:
K(ky, k
′
y) = K(ky − k′y). This implies that Eq. (35) is
loal in real spae oordinate y onjugate to the momen-
tum ky, as an be easily seen by taking reverse Fourier
transform in ky. The kernel K(ky − k′y) is not double
integrable: ∫ ∞
−∞
|K(k, k′)| dkdk′ =∞ (40)
and so the integral equation in ky is non-Fredholmian,
whih means it does not have a ountable spetrum with
integrable eigenfuntions. However, the kernel is still uni-
formly nite∫ ∞
−∞
|K(k, k′)| dk =
∫ ∞
−∞
|K(k, k′)| dk′ <∞, (41)
and thus may have nite solutions. Two suh solutions
an be easily guessed: a symmetri one: Φ(ky, ωn) =
Φ(ωn) and an antisymmetri one: Φ(ky, ωn) = kyΦ(ωn).
As funtions of real spae oordinate y these two solu-
tions orrespond to δ(y)Φ(ωn) and −(dδ(y)/dy)Φ(ωn),
respetively, where δ(y) is a delta funtion. The d−wave
solution we are interested is the one antisymmetri in ky.
In both ases, integrating expliitly over momentum and
substituting the result for the suseptibility, we obtain
one-dimensional integral equation for Φ(ωn):
Φ(ωn) =
3
4
πT
×
∑
ωm
Φ(ωm)
|ωn − ωm|1/4
(
|ωm|+ 34πT
∑
|Ωn|<|ωm|
|Ωn|−1/4
)
(42)
Approximating the self-energy by the ω3/4 form simplies
(42) to
Φ(ωn) =
3
4
πT
∑
ωm
Φ(ωm)
|ωm +Σ(ωm)||ωn − ωm|1/4
. (43)
This equation falls into a generi lass of loal Eliashberg-
type gap equations with the eetive loal pairing inter-
ation χl(ω) ∝ ω−γ for whih the fermioni self-energy
sales as ω1−γ (34, see also Appendix D). Eq. (43) or-
responds to γ = 1/4.
Note that: (i) the gap equation is fully universal and
parameter-free (we reall that T is in units of ω0), and
(ii) that self-energy term is not small and annot be ne-
gleted. At small ωm = πT (2m + 1) < 1, the kernel of
the gap equation sales as 1/ω. This power is a ombina-
tion of 1/ω1/4 from the eetive loal pairing interation
and ω3/4 from the fermioni self-energy. At ωm > 1, the
kernel deays as 1/ω5/4, i.e., faster than 1/ω, and the
frequeny sum onverges even without Φ(ωm). Ref.
34
ar-
gued that, this gap equation has a non-zero solution at
T = O(1).
We solved this equation numerially (the details are
presented in Appendix D) and found, in atual units
Tc(r → 0) ≈ 6ω0 ≡ 6 g
4π
r, (44)
The saling with the upper uto of the quantum-ritial
behavior (ω0 in our ase) is the same as in hole-doped ma-
terials (where the pairing involves predominantly antin-
odal fermions), however, we emphasize that in our ase
the sale ω0 is by itself proportional to the Fermi surfae
urvature, while the orresponding sale for antinodal
pairing remains nite in the absene of the urvature.
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Note in passing that the prefator is muh larger in our
ase than for antinodal pairing, where T ≈ 0.2 in units
of the upper uto of the quantum-ritial behavior
18
.
B. Solution at nite r
1. Numerial solution
Although Tc given by (44) is nite, the solution of the
gap equation without the r2k4y term in the suseptibil-
ity is unphysial sine the pairing gap ontinuously in-
reases with ky: Φ(ky , ωn) ∝ ky. This behavior reets
translational invariane of the pairing potential (or, in
mathematial language, the non-Fredholmian property
of the integral equation). When the r2k4 term is kept in
χ˜(ky, k
′
y, ω), Eq. (35) beomes Fredholmian, its solutions
integrable, and the gap vanishes at large ky. A numer-
ial solution of the gap equation an then be obtained
by standard tehnique. We solved Eq. (35) numerially
in the quadrant ω, k > 0, searhing for a solution Φn(k)
that is symmetri in ωn and antisymmetri in k. The
semiinnite integral over k was mapped onto the interval
[0, 1) using the transformation x = (1−k)/k, and then in-
tegration was approximated by Gauss-Legendre quadra-
ture:
∫ 1
0
f(x)dx =
∑
i f(xi)wi, where xi and wiare the
absissas and weights of the quadrature. This proedure
is alled the Nystrom method
35
. The integral equation
then redues to an (innite in the Matsubara frequeny
index n) set of algebrai equations:
Φni =
∑
m≥0,j
(Knimj +Kni,−m−1,j
−Knim,−j −Kni,−m−1,−j)Φmj , (45)
This set was trunated and solved by standard LAPACK
routines. This proedure gives good approximation to
the largest eigenvalues of the kernel, and for the ritial
temperature we need just the largest one.
We found that the eet of the urvature on Tc is very
strong: above r > 0.001, the atual Tc rapidly beomes
muh smaller than (44). We plot Tc(r) in Fig. 4 in units
of g/4π. We see that over a wide range 0.01 < r < 0.1,
Tc ≈ 0.0005g¯ forms a plateau and weakly depends on r.
Using the same g ∼ 1.6eV and the t-t′ dispersion as in
hole-doped materials
36
but with positive hemial poten-
tial to reprodue the Fermi surfae in Fig. 1, we obtained
r ∼ 0.08, whih is within the region where Tc is almost
onstant, and Tc ∼ 10K. For hole-doped uprates, for
the same parameters, the onset of the pairing was earlier
estimated at Tc ∼ 0.01g ∼ 200K18, although this num-
ber may also be redued by the urvature of the Fermi
surfae.
The theoretial value of Tc ∼ 10K at a magneti
QCP in eletron-doped uprates is in reasonable agree-
ment with the experiment
11,13,32
. Maximum Tc in
Nd2−xCexCuO4 and Pr2−xCexCuO4 is about 20− 25K,
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Figure 5: The pairing vertex Φ(ky , ωn) for r = 0.05 vs
ωn/(2piTc) and ky/q0 (q0 is dened in the text). Observe
that Φ(ky , ωn) is non-monotoni in ky .
but, aording to
13
, Tc initially inreases one the sys-
tem beomes magnetially ordered. In any event, even
50% agreement is quite reasonable given the number of
approximations in our theoretial analysis. Note that if
we used Eq. (44) for Tc instead of the orret result,
we would have obtained a very large Tc ∼ 600K for the
same parameters. This shows that the Fermi surfae ur-
vature truly plays a major role when the pairing involves
near-nodal fermions.
The redution of Tc in eletron-doped uprates, om-
pared to hole-doped uprates with the same interation
strength was also obtained in FLEX alulations
17
, al-
though the reported dierene was less drasti than in
our analysis.
In Fig 5 we present the result for the momentum de-
pendene of the pairing vertex at various frequenies. We
see that the pairing gap is a non-monotoni funtion of
ky: it initially inreases with ky, but then passes through
a maximum and dereases at larger ky. This result agrees
with earlier BCS alulations
23
, but we emphasize that
our gap equation is of non-BCS form. We also emphasize
that the position of the maximum in Φ(ky, ω) is dison-
neted from the loation of the hot spots whih in our
QCP analysis are exatly along the Brillouin zone diag-
onals, i.e., at ky = 0.
2. Toy model
The large disrepany between Tc(r) and (44) an also
be understood analytially, by expanding Tc in r beyond
the O(r) term. This expansion is rather non-trivial as
one has to expand around a solution whih diverges at
large ky, and the divergene must be ut by the or-
retions whih then obviously are not small at large ky.
Sine this eet is unrelated to the summation over Mat-
subara frequenies, whih at Tc is onned to rst few
11
m, we an simplify the model by dropping the frequeny
summation, and instead of (35), analyze the approximate
form of the gap equation
Φ(k) =
3
4π
∫
Φ(k′)dk′
(k − k′)2 + r2(k2 + k′2)2 + x2 , (46)
In (46) we set x4 = a(T/ω0) with a ≈ 33/29 to math Eq.
(44) at vanishing r. To shorten notations, we dropped the
subsript y from ky.
Equation (46) an be analyzed analytially. Our goal is
to understand why Tc drops by two orders of magnitude
ompared to 6ω0 already at relatively small r ∼ 0.1.
We searh for the solution of (46) in the form
Φ(k) = Φ0(k) + δΦ(k), (47)
where Φ0(k) = k is the unphysial solution at r → 0
found in Subsetion IVA, and onsider δΦ(k) as pertur-
bation. Substituting into (46) and expanding in δΦ, we
obtain
δΦ(k) − 3
4π
∫
δΦ(k′)dk′
(k − k′)2 + x20
=
3k
4
√
x2 + 4r2k4
− k
≈
(
3
4x
− 1
)
k − 3r
2k5
2x30
(48)
where x0 = 3/4, and we dropped the regular O(r) terms
from the integral∫
Φ0(k
′)dk′
(k − k′)2 + r2(k2 + k′2)2 + x2 (49)
and the higher-order terms in the expansion of the
square-root in (48). We will see below that relevant k
are of order r−2/5 and 3/4x− 1 is of order r2/5, so that
r2k4 ∼ r2/5, whih justies both the expansion of the
square-root in (48) and dropping the regular O(r) terms.
We searh for the solution of (48) in the form
δΦ(k) = r2
(
Ak3 +Bk5
)
, |k| < km, (50)
where km is a uto that has to be found from an aux-
iliary ondition that the solution (47) with δΦ(k) in the
form of (50) is unique. Substituting (50) into (48) and
using∫ km
−km
k′3dk′
(k − k′)2 + x20
≈ k3 π
x0
+ 6kkm (51)∫ km
−km
k′5dk′
(k − k′)2 + x20
≈ k5 π
x0
+ 20k3km +
10
3
kk3m(52)
we obtain
3
4π
∫
δΦ(k′)dk′
(k − k′)2 + x20
≈ (53)
3r2
4π
[
k(6kmA+
10
3
k3mB) + k
3(
π
x0
A+ 20kmB) + k
5 π
x0
B
]
.
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Figure 6: Saling of the ritial temperature x(r) (solid
lines) and the position of the maximum k
m
(r) (dashed lines)
with the parameter r in the kernel (36) of the one-dimensional
toy model. Numerial solution (red urves) losely follow
the saling laws obtained analytially (blak straight lines):
3/4x − 1 ≈ 2r2/5, and km ∼ r
−2/5
.
Substituting this into (48) and equating the prefators for
k, k3 and k5 terms in (48), we obtain the set of equations(
3
4x
− 1
)
B =
3
2x30
(54)(
3
4x
− 1
)
A = −15
π
kmB (55)
− r
2
2π
(9kmA+ 5k
3
mB) =
(
3
4x
− 1
)
(56)
Solving the set, we obtain
(3/4x− 1)5
r2
=
80u2
9π
(
27
π
− u
)
, (57)
where u = km(3/4x− 1). A unique solution of this equa-
tion exists when u = 18/π and(
3
4x
− 1
)
≈ r2/5
(
320 ∗ 81
π4
)1/5
≈ 3r2/5 (58)
Using the denition of x we then obtain
Tc ≈ 6 g¯
4π
r
(1 + 3r2/5)4
(59)
This formula is formally valid at small r, but it works
surprisingly well for all r < 1 as evidened by the om-
parison of (59) with the numerial solution of (48). We
ompare analyti and numerial results in Fig. 6, 7.
Eq. (59) shows that Tc does indeed drop quite sub-
stantially, ompared to the asymptoti linear behavior
(44): at r ∼ 0.1, (1 + 3r2/5)4 ≈ 23. Furthermore, Tc
given by (59) is rather at at intermediate r ∼ 0.04− 0.5
where Tc ∼ 0.02g¯. This is onsistent with the numerial
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Figure 7: Solutions f(k) of the one-dimensional toy model
for several values of the parameter r (r dereases for the urves
from left to right). Dependene of the position of the maxi-
mum km(r) is plotted in Fig. 6.
solution of (48). The at behavior in a wide range of r
reprodues what we have found numerially for the full
gap equation (with the full frequeny summation).
We also see from (55) that A ∼ r−6/5, B ∼ r−2/5, and
the uto km diverges as
km = u/
(
3
4x
− 1
)
∼ r−2/5 (60)
Substituting km and A and B into (50), we obtain
δΦ(k) ∼ Φ0(k)
(
(k/km)
2
+ a (k/km)
4
)
, a = O(1)
(61)
We see that at k ∼ km, the orretions to zero-order solu-
tion beome of order 1. A perturbation theory does not
allow one to go beyond this sale (i.e., to analyze δΦ(k)
for k > km), but it is reasonable to assume that above km,
Φ(k) = Φ0(k) + δΦ(k) begins dereasing. The numerial
solution of (48) onrms this (see Fig. 7). We see from
Fig. 7 that the gap in the toy model is a non-monotoni
funtion of ky: it is linear at small ky, passes through a
maximum at ky ∼ km, and then falls o. This behav-
ior is again fully onsistent with what we have obtained
numerially for the full gap equation.
Returning to the atual, unresaled momenta ky, we
obtain, using the denition of r, that the maximum of
the gap is loated at
km =
g
πvF
km ∼ g
vF
r−2/5 ∼ kF r3/5
(
β0
β
)2
(62)
where β20 = vF /kF . For β ∼ β0, and r ≪ 1, km is muh
less than kF , i.e., the d−wave gap is onned to a near
viinity of the zone diagonal.
We tted the atual Tc for the full model by the fun-
tional form of Eq. (59), using the prefator for the r2/5
term as the adjusting parameter. We found that the nu-
merial data are reprodued reasonably well if we set this
prefator to 5 (instead of 3 in Eq. (59)). We show the t
in Fig. 4.
C. Away from the QCP
At deviations from the QCP towards larger dopings,
i.e., into paramagneti phase, Tc dereases and eventually
disappears. The value of km, however, does not trak the
derease of Tc, i.e., the d−wave gap extends over a nite
momentum range along the FS even in the overdoped
materials. At deviations into antiferromagneti phase,
the FS evolves into hole and eletron pokets, and the
loations of km gradually approah the loations of the
hot spots.
Our results for Tc and the gap survive even when the
magneti orrelation length ξ remains nite at the doping
where 2kF = Q and the Fermi surfae has the form shown
in Fig. 1. In this situation, the antiferromagneti QCP
shifts to lower dopings, when the hot spots are already
away from the Brillouin zone diagonals. We found that
the modiations of our results are small as long as Tc >
Jξ−2 where J ∼ v2F /g¯ is of the order of the the exhange
interation.
V. SUMMARY
We onsidered the normal state properties and pairing
near a 2kF antiferromagneti QCP and applied the re-
sults to eletron-doped uprates at optimal doping. We
found that the breakdown of the Fermi-liquid desription
at QCP leads to peuliar frequeny dependenes of the
ondutivity and the B2g Raman response. We found
that Tc remains nite at the QCP. The pairing gap at
QCP has dx2−y2 symmetry, but is highly anisotropi and
onned to momenta near the zone diagonals. The value
of Tc is about 10K for the same spin-fermion oupling
as for hole-doped uprates, where the pairing predomi-
nantly involves antinodal fermions. The strong redution
of Tc ompared to hole-doped ase is due to the fat that
for the d−wave pairing of near-nodal fermions, the ur-
vature of the Fermi surfae plays a major role.
We aknowledge useful disussions with G. Blumberg,
D. Drew, I. Eremin, R. Greene, C. Homes, D. Manske, A.
Millis, B.S. Mityagin, M. Norman, S.P. Novikov, M. M.
Qazilbash, and V. Yakovenko. The researh is supported
by Condensed Matter Theory Center at UMD (P.K, A.C)
and by NSF DMR 0240238 (A.C.).
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Appendix A: TRANSFORMATION OF THE
POLARIZATION OPERATOR WHEN HOT
SPOTS MERGE
In this Appendix we detail the transformation of the
polarization operator with the shift in the position of the
hot spots along the Fermi surfae. In hole-doped mate-
rials the spots with the strong eletron interation are
lose to the (0, π) and symmetry-related points on the
Fermi surfae in the notations of Fig. 1. With doping
and expansion of the Fermi surfae its boundary rosses
the antiferromagneti Brillouin zone at points that be-
ome loser to eah other and to the zone diagonal un-
til in eletron-doped uprates they merge pairwise at the
doping level when the Fermi surfae just touhes the anti-
ferromagneti Brillouin zone at (π/2, π/2) (this situation
is shown in Fig. 1). In hole-doped materials it sued
to take linear approximation of eletron dispersion near
the hot spots: ǫk = vFk. The polarization operator of
non-interating fermions then had the Landau damping
form
Π(q,Ω) = g2|Ω|/4πvxvy, (A1)
where g is the oupling, and vF = (vx, vy)
18
. In the sit-
uation depited in Fig. 1 one has to keep seond order
terms in ǫk (8), and the bare polarization operator has
the form (10). Here we show how to go from (A1) to
(10) with ontinuous hange in the eletron spetrum.
For later use we will arry out slightly more general al-
ulation keeping fermioni self-energy that depends only
on frequeny. Consider a spetrum that has both linear
term in transverse momentum and urvature:
ǫk = vxkx + vyky + β
2k2y, (A2)
ǫk+Q = −vxkx + vyky + β2k2y. (A3)
The ase β = 0 gives dispersion around well-separated
hot-spots of hole-doped materials, and in the ase vy = 0
we revert to (8). To alleviate integration in k we note
that the following equality holds
ǫk + ǫk+q+Q = E˜q + y
2, (A4)
where
E˜q = −vxqx +
β2q2y
2
− v
2
y
2β2
(A5)
diers from Eq (11) by −v2y/2β2, and
y =
√
2β
(
ky +
qy
2
+
vy
2β2
)
(A6)
is a onvenient dummy variable in the integration instead
of ky . The Jaobian of the substitution k→ (ǫk, y) is∣∣∣∣ ∂(ǫk, y)∂(kx, ky)
∣∣∣∣ = √2vxβ. (A7)
Momentum integration in (6) then gives
Π(q,Ω) = 2g2
∫
dωd2k
(2π)3
G
(
k, ω − Ω2
)
G
(
k+ q, ω + Ω2
)
=
ig2
4π
√
2vxβ
∫ sgn(ω + |Ω|2 )+ sgn(ω − |Ω|2 )√
E˜q − i
(
Σ˜
ω+
|Ω|
2
+ Σ˜
ω−
|Ω|
2
) dω, (A8)
where Σ˜ω = ω+Σ(ω). Simplifying frequeny integration
from the antisymmetri integrand
Π(q,Ω) =
g2√
2πvxβ
∞∫
|Ω|/2
ℑ dω√
E˜q + i
(
Σ˜
ω+
|Ω|
2
+ Σ˜
ω−
|Ω|
2
) ,
(A9)
or, with the substitute ω → ω + |Ω|/2,
Π(q,Ω) = − g
2
2πvxβ
∫ ∞
0
√√
E˜2q + (Σ˜ω + Σ˜ω+|Ω|)
2 − E˜q√
E˜2q + (Σ˜ω + Σ˜ω+|Ω|)
2
dω.
(A10)
When Σ(ω) = 0 the integral above an be taken exatly
and gives
Π(q,Ω) =
g2
2πvxβ
√√
Ω2 + E˜2q + E˜q, (A11)
whih oinides with (10) when vy = 0 and so E˜q =
Eq. In the opposite limit β → 0, E˜q → −v2y/2β2 and,
expanding (A11) up to rst order in |Ω|/E˜q gives
Π(q,Ω) = g2|Ω|/2πvxvy , (A12)
i.e. exatly twie the expression (A1), aounting for the
pair of hot spots that emerge.
Appendix B: SELF-ENERGY AT T = 0
In this Appendix we nd self-onsistent fermioni self-
energy Σ(ω) at low frequenies as explained in Setion
III B. Following the derivation that leads to Eq. (10) it
an be shown that the polarization operator of interat-
ing fermions that have self-energy Σ(ω) is
Π(q,Ω) = − g
2
2πvFβ
∫ ∞
0
√√
E2q + (Σ˜ω + Σ˜ω+|Ω|)
2 − Eq√
E2q + (Σ˜ω + Σ˜ω+|Ω|)
2
dω.
(B1)
where Σ˜ω = ω + Σ(ω). It is easy to see that in the ase
Σ(ω) = 0 the integral above an be taken exatly and
gives (10). Note that we subtrat divergent high-energy
ontribution
Π0(0, 0) = − g
2
2πvFβ
∫ ∞
0
dω√
2Σ˜ω
(B2)
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beause it is already inluded in the theory as the ξ−2
mass term in the bare suseptibility (2).
The above expression for Π when substituted as the
bosoni self-energy in the bosoni propagator (7) in Eq.
(16) yields a self-onsistent equation on Σ. We will seek
a solution to this equation in the form of a power law:
Σ˜ω = σω
γ
, where σ is a onstant. Using the substitutions
Ω = |ω|t so that Σ˜Ω = Σ˜ωtγ , and ω′ = |ω|ts, where
ω′ is the dummy variable in Π, so that Σ˜ω′ + Σ˜ω′+Ω =
Σ˜Ω(s
γ + (s + 1)γ), and q = (2Σ˜Ω)
1/2v/β, we arrive at a
ondition on the exponent γ:
πN
3
√
2
= − 1
γ
∫ ∞
0
f(v; γ)dv, (B3)
where
1
f(v; γ)
=
∫ ∞
0
(√√v4 + (sγ + (s+ 1)γ)2 + v2√
v4 + (sγ + (s+ 1)γ)2
(B4)
+
√√
9v4 + (sγ + (s+ 1)γ)2 − 3v2√
9v4 + (sγ + (s+ 1)γ)2
− 2√
2sγ
)
ds.
The right-hand side of Eq. (B3) is a ontinuous funtion
of γ in 23 < γ < 1. It monotonially grows from zero at
γ = 23 and rosses the onstant πN/3
√
2 at γ ≈ 0.85 (see
Fig. 8). Realling that α used in the main body of the
paper is α = 1− γ, we get α ≈ 0.15 as was asertained.
The alulation of the right-hand side of Eq. (B3) takes
some are. Integral (B4) diverges at the upper limit when
γ → 23 . Expanding in large s gives for the residual of (B4)∫ ∞
sm
(. . .)ds ≈ 1√
2
(
v2s
1−3γ/2
m
2(1− 3γ/2) − s
−γ/2
m + . . .
)
, (B5)
whene
∫
f(v; γ)dv ∼ √1− 3γ/2 for γ lose to 23 . In
the opposite limit γ → 1 it is the integral over v in (B3)
that diverges at the upper limit. At large v the saling
substitution s = v2/γz into (B4) separates an integral
over z:
1
f(v; γ)
≈ C(γ)v 2γ−1, (B6)
so the residual of the integral over v in (B3)
∫ ∞
vm
f(v; γ)dv ≈ − v
2
γ
−2
m
( 2γ − 2)C(γ)
(B7)
diverges as ∼ (1 − γ)−1. The auxiliary integral
C(γ) =
∫ ∞
0
(√√1 + (2zγ)2 + 1√
1 + (2zγ)2
+
√√
9 + (2zγ)2 − 3√
9 + (2zγ)2
− 2√
2zγ
)
dz. (B8)
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Figure 8: Graphial solution to Eq. (B3). Straight line and
the urve represent the left and right-hand side of Eq. (B3).
Crossing is at about γ ≈ 0.85, or α = 1− γ ≈ 0.15.
It is negative in the interval
2
3 < γ < 1 and diverges
when γ approahes 23 . When γ = 1 the integral an be
taken analytially: C(1) = −√6. To produe Fig. 8 we
ombined the numerial integration upto the nite uto
with the analytial residuals found above.
Appendix C: CHOICE OF THE CUTOFF FOR
THE CONDUCTIVITY
In this Appendix we substantiate our laim that the
frequeny dependene of the ondutivity does not rely
on how the integration over transverse momenta in (28)
is estimated. To evaluate the integral over ky we as-
sumed that Σ(ǫ, ky) stays almost onstant and equal to
Σ(ǫ) for |ky| < ky,max and then falls o rapidly. Crudely
we may just replae
∫
dky with ky,max. However, sine
ky,max ∝ ωγ depends on frequeny, it is not lear whether
we should hoose the external ω or the internal frequeny
ǫ for the uto. Choosing the rst one yields
σ(iω) ∝ ωγ−1
∫ ω
0
dǫ
ω +Σ(ω − ǫ) + Σ(ǫ) . (C1)
On the other hand, if we simply integrate over ky in (28)
with Σ(ǫ, ky) = Σ(ǫ) for |ky| < ky,max, the result is
σ(iω) ∝ 2
∫ ω/2
0
(
ǫγ
ω +Σ(ω − ǫ) + Σ(ǫ)
+
(ω − ǫ)γ − ǫγ
ω +Σ(ω − ǫ)
)
dǫ. (C2)
Intuitively, the hoie of the uto of the momentum in-
tegration should not alter the frequeny dependene of
the ondutivity sine the internal ǫ stays of order of the
external ω anyway. And indeed we found that all three
estimates lead to the same pseudo-saling of σ(ω) in the
15
range ω0 < ω < 40ω0. The hoie of the uto alters
only the irrelevant preexponent shared by both ℜσ and
ℑσ.
The fat that ℜσ and ℑσ sale together with |σ(ω)|
an be seen from arctan(ℑσ/ℜσ) staying almost on-
stant over the range ω0 < ω < 40ω0 (see Fig. 2, right
panel). The value of the onstant ϕ = arctan(ℑσ/ℜσ)
itself hanges with the Wik transition from Matsubara
to real frequenies. In partiular, ϕ depends on whether
the Matsubara or real frequeny enters the momentum
uto ky,max(ω). We argue that it is logial to ut o the
momentum integration on Matsubara frequenies sine
the subsequent frequeny integration is done over Mat-
subara frequenies as well. With this hoie the onstant
ϕ ≈ 1 (see Fig. 2, right panel).
Appendix D: ELIASHBERG LOCAL PAIRING
In this Appendix we desribe the numerial solution
of the pairing problem (42) for a general power-law loal
interation. The results of this Setion were used for Tc
of (43).
The general interation is (the frequenies and the tem-
perature are measured in suitable units whih we put
unity)
χ(Ωn) = π(1 − γ)|Ωn|−γ . (D1)
Fermioni self-energy Σ(ωn) orresponding to (D1) is
given by
Σ(ωn) = T
∑
ωm
sgnωmχ(ωn − ωm). (D2)
On substituting Ωn = ωn − ωm the sum in Σn beomes
nite:
Σ(ωn) = sgnωnT
∑
|Ωm|<|ωn|
χ(Ωm). (D3)
Approximating the sum by an integral we get the limiting
saling of the self-energy:
Σ(ω) ≈ sgnω 1
π
∫ ω
0
χ(Ω)dΩ ≡ sgnω|ω|1−γ (D4)
Reverting to the pairing problem and denoting Σ˜n =
ωn + Σ(ωn) and Φn = Φ(ωn), we get for the linearized
system on the self-energy and anomalous vertex at nite
temperatures by analogy to Eqs. (39), (43):
Σ˜n = ωn + T
∑
m
sgnωmχ(ωn − ωm) (D5)
Φn = T
∑
m
Φm
|Σ˜m|
χ(ωn − ωm) (D6)
Introduing Σ˜n = ωnZn, Φn = ∆nZn we get one equa-
tion on ∆n:
∆n = T
∑
m
(
∆m
ωm
− ∆n
ωn
)
sgnωmχ(ωn − ωm) (D7)
Here the summation learly an be restrited to m 6= n.
Returning bak to the original formulas we see that we
an redene Σ˜n, Φn as sums with m 6= n. (For the self-
energy in the form (D3) this means Ωn 6= 0).
Expressing Matsubara frequenies in overt form,
bosoni as Ωn = 2πTn, fermioni as ωn = 2πT (n+1/2),
we may rewrite the nite sum in the self-energy (D3) via
the harmoni numbers
H(γ)n =
n∑
m=1
1
mγ
(D8)
as
Σ(ωn > 0) = (1− γ)(2πT )1−γH(γ)n . (D9)
Eq. () on the anomalous vertex Φ should be under-
stood in the sense that at some Tc, whih would be the
ritial temperature for the onset of pairing, a non-trivial
Φ(ωn) would beome a solution, i.e. at Tc the largest
eigenvalue of () rosses unity. The kernel of Eq. ()
symmetri with respet to simultaneous hange of sign
before both ωn and ωm, so its solutions must be ei-
ther even or odd in frequeny. From a known theorem,
the largest eigenvalue orresponds to an even eigenve-
tor Φ(ωn) = Φ(−ωn). For the even solution we get the
equation
Φn =
1
2
′∑
m
|n−m|−γ + |n+m|−γ
(2πT )γ
1−γ (m+
1
2 ) +H
(γ)
m
Φm (D10)
where in the term m = n expression |n−m|−γ should be
substituted with zero.
The numerial solution of the eigenvalue problem was
done with LAPACK for a nite matrix of order N with
several inreasing values of N . The sequene of the riti-
al temperatures Tc(N) found for eah N is then extrap-
olated to 1/N → 0. A sequene for γ = 1/4 plotted in
Fig. 9}, right panel, represents a typial piture. The
ritial temperature as funtion of γ are shown in left
panel of Fig. 9}.
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Figure 9: Critial temperatures Tc found numerially vs. the
power law exponent γ (left panel). Right panel represents
the dependene of Tc on the matrix size N extrapolated to
1/N → 0 for γ = 1/4; behavior for other γ is similar; left
panel shows Tc already extrapolated to 1/N → 0.}
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